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Let S be a square of side s in the Euclidean plane. A pucking of circles in S is 
nothing else but a finite family of circular disks included in S whose interiors are 
pairwise disjoints. A natural problem related with such packings is the description 
of the densest ones; in particular, what is the greatest value of the common radius 
r of n circles forming a packing of S? 
Clearly, the centres of n circles forming a packing of S are included in a square 
of side s - 2r, and any two centres cannot have a distance smaller than 2r. 
Conversely, if n points of a unit square determine positive distances which are not 
smaller than a real number m, then the square S admits a packing of n circles of 
radius B, where 
r m 
72(m + 1)’ 
This shows that the problem of the densest packing of n equal circles in a square 
is equivalent with the problem of the most scattered distribution of n points in the 
unit square. 
These problems, for n c 10, were solved by Schaer [3] and Goldberg [l]. The 
case n = 10 is more difficult; Goldberg thought that the densest packing was the 
simple one which is represented in Fig. la; the corresponding values of m and r/s 
are given by 
m =+0.41667, I-=+0.14706. 
s 
But Schaer [4] found in 1971 a packing (see Fig. lb) of 10 equal circles for which 
the values of m and r/s are larger, namely 
m = 0.41954, r/s = 0.14777. 
Although Schaer was convinced that his packing was the best one, Milan0 [2] 
succeeded to do better, sixteen years later: in fact, he found a packing of 10 equal 
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Fig. 1. (a) Goldberg, 1970; (b) Schaer, 1971; (c) Milano, 1987; (d) Palette. 1988. 
circles for which 
m = 0.42014, r/s = 0.14792 
(see Fig. lc). Moreover he showed, in a very long proof, that a symmetrical 
packing with a large; value of m (and r/s) cannot exist. 
As a matter of fact, Milano’s packing is not the densest one; we have 
constructed a not symmetrical packing of 10 circles for which 
m = 0.42119, r/s = 0.14818. 
It is represented in Fig. ld. We shall follow the tradition in conjecturing that 
nobody will find a densest packing of 10 equal circles. 
To construct our packing, let us define, for every x between G - 1 and 4, a 
system of 10 points P,(x), PI(x), . . . , P,(x) in the unit square [0, l] x [0, 11. One 
puts PJ(x) and P&X) in (0,O) and (0,l) respectively, and one chooses PO(x), 
PI(x), P,(X), &(x), P!(X), P’&) on the boundary, &(x) in the interior (see Fig. 2) 
in such a way that. the eight distances 
lP,(x)p,(x)lJ IP,wP,wl~ Ip2(xF3(x)I~ lp3(xv?5(x)I~ 
IP,(x)P,(x)l, lP,wP,(x)l~ Ip6(xP70I and lp7(xN3(~)I9 
are equal to X. Let P!(X) be the centre of the circumscribed circle of the triangle 
PI(x)P”(x)P&); its radius y(x) is then a decreasing function, greater than x if 
Pq(x 
P3(x 
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Fig. 2. 
x = e - 1 and smaller than x if x = 4. So the equation y(x) = x has a unique 
solution, namely m = 0.42119. Finally one sets & = e(m) for i E (0, . . . ,9} and 
one verifies that no distance lPiPil is smaller than m when i #j. These ten points 
are the centres of ten circles of radius r = $m, forming the packing showed in Fig. 
Id, in a square of side s = I+ m. 
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